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Asymmetric vortex merger: Experiments and simulations
M. Amoretti
Istituto Nazionale di Fisica della Materia, Dipartimento di Fisica, Universita` degli Studi di Milano,
Via Celoria 16, 20133 Milano, Italy

D. Durkin and J. Fajans
Department of Physics, University of California at Berkeley, Berkeley, California 94720-7300

R. Pozzoli and M. Romé
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The two-dimensional~2-D! merging of an intense, pointlike vortex with a diffuse, extended vortex
is investigated with experiments using strongly magnetized electron columns in a Malmberg–
Penning trap, and with numerical simulations using a 2-D particle-in-cell code. The study is
restricted to highly nonlinear conditions, where the perturbative approach does not apply. A very
good agreement between experiment and simulation is obtained. The pointlike vortex wraps the
extended vortex about itself, moving toward the center of the system during the process. The
interaction generates filaments of zero vorticity within the extended vortex that subsequently evolve
into vorticity holes. During the evolution, energy is fed to the extended vortex from the background
curl-free flow via the stirring action of the pointlike vortex, whose energy remains approximately
constant. ©2001 American Institute of Physics.@DOI: 10.1063/1.1390331#
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The merger of two vortices is a fundamental interact
in two-dimensional~2-D! flows. It plays a prominent role in
the evolution of 2-D turbulence,1 and has been observed
the ocean between eddies2 and on Jupiter betwee
anticyclones.3 The two vortices will likely have different
sizes and vorticities, and therefore the merger will
asymmetric,4–8 as opposed to symmetric.9,10

The highly asymmetric case of an intense, pointlike v
tex merging with a diffuse, extended vortex is consider
The vortices are constrained to be initially circular with ra
ap,e and uniform with vorticitieszp,e , where p,e denote
pointlike and extended. The caseap!ae and zp@ze is ad-
dressed. The merger can be parametrized byGp /Ge , d/ae ,
and ap /ae , whereG5pa2z is the circulation andd is the
distance between their centers. The merger is governe
the 2-D Euler equations,

]z/]t1u"“z50, u5ezÃ“c, ¹2c5z, ~1!

wherez[ez"“Ãu andc is the stream function. The bound
ary condition is free-slip withc50 on a circular wall (r
5Rw).

Mathematical analysis of 2-D vortex merger has prov
intractable. For the case under consideration, the lin
analysis of Ref. 7 is not valid because the extended vorte
soon highly distorted from its initial circular shape. One h
to therefore rely upon numerical simulation or experimen

Results from contour dynamics simulations in an u
bounded domain are reported in Refs. 4 and 6. In particu
Fig. 13 in Ref. 4 depicts a case similar to the present o
and there it is noted that the pointlike vortex is ‘‘entraine
within the extended vortex. Contour dynamics, howev
fails once vorticity filaments evolve and therefore the la
3861070-664X/2001/8(9)/3865/4/$18.00
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dynamics were not pursued. Reference 5 also presen
similar case, this time simulated with a pseudospectral c
in a periodic domain; therein is reported the emergence
vorticity holes, in qualitative agreement with the present o
servations.

Experiments on 2-D vortex merger, and on 2-D flu
dynamics in general, are hindered by the difficulty in cre
ing the desired initial conditions. Reference 11 reports li
ited observations of asymmetric vortex merger in a rotat
water tank, but those experiments were also hampered
viscous and boundary effects. Experiments on merger of
most equal vortices using strongly magnetized electron
umns were first reported in Ref. 12. Reference 13 discus
experiments on the merger of nonuniform vortices with t
same peak vorticities and different sizes.

The present experiments also use strongly magnet
electron columns confined within a Malmberg–Penning tr
but equipped with a photocathode electron source~see Fig.
1!. This setup has already been used to study the dynamic
a pointlike vortex inside an extended vortex.14 Under suit-
able conditions, the dynamics of the electron column perp
dicular to the imposed magnetic field are equivalent to th
of an ideal 2-D fluid.15 The vorticity,z, is proportional to the
electron density,n, and is given byz5(4pec/B)n, whereB
is the magnetic field strength; hence, a strongly magneti
electron column behaves like an ideal 2-D vortex.

Figure 2 in the first column presents the experimen
observations for the case ofGp /Ge50.15 andd/ae51.41;
specifically, ap50.07 cm, zp54.33104 s21 (np56.8
3106 cm23), ae50.60 cm, ze53.93103 s21 (ne56.2
3105 cm23), andd50.85 cm~the wall is 2.00 cm from the
center of the extended vortex!. The pointlike vortex distorts
5 © 2001 American Institute of Physics
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the extended vortex, wrapping the extended vortex abou
self. In the process, filaments of zero vorticity are entrain
within the extended vortex. These filamentary voids beh
as filaments of negative vorticity and subsequently evo
via the Kelvin–Helmholtz instability into vorticity holes. A
late times, the pointlike vortex is centered within a vortic
hole and found close to the extended vortex’s center; abo
orbit several vorticity holes.

The numerical simulations are performed with the 2
~in real space! particle-in-cell ~PIC! code known as
XOOPIC.16 This code enables us to pursue the dynamics
longer times compared to contour dynamics. Moreover
accounts for the circular boundary, which affects the orbits
the two vortices. The parameters of the simulation are
same as in the experimental situation. In particular, note
no free parameter is introduced. The numberN of macropar-
ticles used in the simulations is&105 with a 2563256
square grid. The stability of the results with respect to va
tions of N and grid size has been verified. The results o
tained by PIC simulations for the reference case are sh
always in Fig. 2. The good agreement between experime
data and simulation shows that the behavior of the syste
indeed 2-D Eulerian, even in this highly nonlinear regim
this confirms the potentiality of Malmberg–Penning traps
fluid dynamics experiments.

Various experiments have been carried on with differ
values of ap /ae , d/ae , and Gp /Ge , in the range 0.02
,Gp /Ge,0.4. The corresponding numerical simulatio
show in all cases good agreement: differences are found
in the late phase of the motion, where the spiral channel g
unstable and vorticity holes form. In Fig. 3 it is shown as
example the comparison between experiment and simula
for the merger time for different values of the circulatio
ratio, and fixedd. In both cases, the pointlike vortex is co
sidered to be merged when its radial position becomes e
to ae . The slight difference at small values of the circulati
ratio, where the small vortex tends to be sheared out by
extended one, may be due to a nonuniformity of the pro
of the pointlike vortex in the experiment.

FIG. 1. The Malmberg–Penning trap~Ref. 19! consists of three coaxial
conducting cylinders contained within a high vacuum chamber. The elec
columns are confined radially with a static magnetic field (B53 T) and
axially with electric fields~2V is the confining potential!. The desired ini-
tial 2-D electron distribution is created by projecting the appropriate li
image onto a cesium antimonide photocathode~Ref. 20! and grounding the
left cylinder; electrons are emitted only where there is light, and they str
along the magnetic field lines into the central confinement region, preser
their distribution. The electrons are confined by applying a negative ele
potential to the left cylinder. The distribution is allowed to evolve for
given time, after which the right cylinder is grounded and the electrons
destructively imaged by streaming them onto a phosphor screen. A ch
coupled device camera detects the resulting image. The image’s intens
proportional to the electron density, and therefore to the vorticity.
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If Gp /Ge is sufficiently small, during the first phase o
motion the pointlike vortex is simply conveyed with a goo
approximation by the velocity field produced by the e
tended vortex, which necessarily exhibits shear. Because
pointlike vortex is assumed to have a small but finite radi
it is necessary to take into account a possible deformatio
its shape. This deformation is governed by the balance
tween rotation coming from its own vorticity and strainin
caused by the mentioned velocity field of the extend
vortex.17 For a fixed value ofae , this process is regulated
e.g., by the parameterK[(Gp /Ge)(d/ap)2. Depending on
the value ofK, different outer fractions of the pointlike vor
tex are affected by filamentation, while merger eventua
occurs for the remaining core part.

If K is large enough (K*4), the filamentation of the
pointlike vortex is avoided, and merger occurs via a ra
wrapping process. The following discussion refers to mer
under the above-mentioned conditions, where the point
vortex has a small circulation with respect to the extend
vortex, and maintains its shape during the motion.

For very small circulation ratios (Gp /Ge&0.01) small
amplitude Kelvin~surface! waves are induced, and ‘‘falling’
of the pointlike vortex toward the extended vortex occu
due to a resonance overlapping mechanism.7 In the cases
under consideration here the merger process is faster,
merging times shown in Fig. 3 are shorter, and the ci
theory does not apply.

The present investigation indicates that during mer
the stream functionc approaches a smooth function with
single maximum, which rotates around the center of the s
tem. The early phase of merger can be conveniently
scribed in a reference frame rotating with the angular vel
ity of the pointlike vortex,Vp'Ge /(2pd2). In this frame
the pointlike vortex rotates around itself, and shows o
small deformations of its shape; the motion of the extend
vortex can then be inferred from the behavior of the fie

lines of the stream function in the rotating frame,c̄5c
2Vp(r 22Rw

2 )/2. For the reference case the contour lines
the corotating potential are shown in Fig. 2.

If K is not too large, thec̄ field initially exhibits anX
point located between the two vortices, and the relev
separatrix crosses the extended vortex. The part of this
tex lying outside the separatrix gives rise to the wrapp
process@see plot~a! of the corotating potential in Fig. 2#.
The presence of the mentionedX point also determines the
shape of the extended vortex during the initial phase
wrapping @see plot~b! in Fig. 2#, and allows phase spac
mixing of fluid elements in its surrounding.18 The separatrix
encircles the pointlike vortex with no crossing, and this v
tex is unaffected by strain.

As wrapping develops, vorticity from the extended vo
tex accumulates around the pointlike vortex, leading to
coalescence of theX point with theO point associated with
the extended vortex. For the given initial conditions, th
change in the phase space characterizes the occurren
merging. An annular region of zero vorticity around th
pointlike vortex forms. This region increases with increasi
K. This feature persists during the evolution, and shows
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FIG. 2. Time evolution of the interac-
tion of a point vortex with an extended
vortex. From top to bottom, the data
refer to t50.0, 0.5, 1.0, 2.0, 4.0, and
5.0, respectively, with the time mea
sured in units of the period of rotation
of the extended vortex, 4p/ze . First
column: density ~experimental re-
sults!. Second column: density~PIC
simulation!. Third column: contour

plot of the corotating potentialc̄ ~PIC
simulation!. The thick line represents
the separatrix crossing the extende
vortex. Fourth column: contour plot o
the fluid energy densitye ~PIC simula-
tion!. The lengths are normalized ove
Rw .
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the dynamics of the system is qualitatively different fro
that of a point vortex within a vortex studied in Ref. 14.

Wrapping leads to the formation of a spiral, zero vort
ity channel, and to the filamentation of the extended vort
due to the straining and the rotation induced by the vortic
distribution around the pointlike vortex. During wrapping th
width of the channel decreases, and a Kelvin–Helmholtz
stability may arise. This leads to the formation of holes, i
localized regions of zero vorticity, inside the extended v
tex, with effective reconnection of the vorticity field. Th
mentioned features are shown in Fig. 2@plots from~c! to ~f!#.
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At smaller K values, theX point is initially shifted to-
ward the center of the pointlike vortex, and strain begins
play a role. At largerK, the initial condition does not show
separatrix between the two vortices: all field lines cross
the extended vortex encircle the pointlike vortex, and mer
occurs rapidly with the formation of a large region of ze
vorticity surrounding the pointlike vortex.

The above-mentioned investigation points out that d
ing the merger, the pointlike vortex exerts a stirring action
the fluid as it migrates towards the center of the system. T
stirring process is illustrated by considering the beh
P license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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ior of the kinetic energy density of the fluide(x,y,t)
5 1

2u¹cu2, whose contour plots are shown in the last colum
of Fig. 2 ~in the plasma language this corresponds to
energy density of the electric field!. The total energy of the
system,E, is a constant of motion, and reads

E5
1

2 ES
u¹cu2dS5(

i
Ei , ~2!

where the integration is made over the whole space wi
the circular boundary, andEi with i 5e,v,b represents the
energies associated with the extended vortex, the poin
vortex, and the background, respectively. The energy den
is initially concentrated near the boundaries of the two v
tices, while in the region around the hyperbolic point ofc, it
has a local minimum. The wrapping process leads to stirr
of the background curl-free flow. The behavior of the flu
energy in the region of the two vortices and in the ba
ground is shown in Fig. 4. During the whole process
energy associated to the pointlike vortex does not cha
significantly, while the energy associated to the exten
vortex increases almost linearly in time, at the expense of
background. Note that in conditions where the small vor
is sheared apart, i.e., it does not behave as pointlike~K is
small!, its energy is exchanged with that of the backgrou
while the energy of the extended vortex maintains itself
most constant.

In conclusion, it has been shown by means of exp
mental evidence and simulation modeling that merger o
pointlike vortex with an extended vortex in the specifi
nonlinear regime occurs via a wrapping process leading

FIG. 3. Merger time vs circulation ratio,Gp /Ge . The time is measured in
units of the period of rotation of the extended vortex, 4p/ze . Diamonds and
squares denote experimental and simulation results, respectively. I
cases,d50.85 cm, ae50.60 cm, andne56.23105 cm23. The circulation
ratio is varied by changing the radius of the pointlike vortex~keepingap

<0.12 cm! and/or its density.
Downloaded 30 Aug 2001 to 192.84.138.5. Redistribution subject to AI
n
e

in

e
ity
-

g

-
e
e
d
e
x

d
l-

i-
a

a

new vorticity distribution with the pointlike vortex, that ha
maintained its shape during the whole process, at its ce
The surrounding vortex has the shape of a rotating
straining spiral, where at late time vorticity holes form a
mixing with the surrounding zero vorticity fluid~back-
ground! occurs. During the merger, energy is transferr
from the background fluid to the extended vortex via t
stirring action of the pointlike vortex.
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