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Abstract

We demonstrate a novel detection method for the cyclotron resonance frequency
of an electron plasma in a Penning–Malmberg trap. With this technique, the
electron plasma is used as an in situ diagnostic tool for the measurement of the
static magnetic field and the microwave electric field in the trap. The cyclotron
motion of the electron plasma is excited by microwave radiation and the
temperature change of the plasma is measured non-destructively by monitoring
the plasma’s quadrupole mode frequency. The spatially resolved microwave
electric field strength can be inferred from the plasma temperature change and
the magnetic field is found through the cyclotron resonance frequency. These
measurements were used extensively in the recently reported demonstration of
resonant quantum interactions with antihydrogen.

1. Introduction

Cyclotron frequency measurements of single particles and sparse clouds in Penning traps are
commonly used in high precision ion mass measurements [1–3] and in measurements of the
proton [4] and electron [5] magnetic moments. In the plasma regime, the cyclotron resonances
of electron [6] and ion [7] plasmas have also been studied extensively. Cyclotron resonances
of ions (or electrons in a low magnetic field) typically occur at radio frequencies and are
relatively easy to detect. Electron cyclotron frequencies, however, are often at high microwave
frequencies and must be detected using alternative methods. In the single particle regime,
microwave cyclotron frequencies are measured using methods that couple the cyclotron and
axial motions [5, 8], producing detectable shifts in the axial bounce frequency. Here we outline
and demonstrate a novel detection method of the cyclotron resonance of an electron plasma
at microwave frequencies. The key feature of our method is the use of the quadrupole, or
breathing, mode oscillation of the electron plasma to detect excitation of the cyclotron motion.
We focus on the use of this technique as a tool for in situ characterization of the magnetic field
and a microwave field in a Penning–Malmberg trap. While we demonstrate the technique for
microwave frequencies, this method can in principle be applied to cyclotron resonances in the
radio frequency range.
Initially this work was motivated by the need for an in situ measurement of the static
magnetic field in the ALPHA (Antihydrogen Laser PHysics Apparatus) experiment at CERN
(European Organization for Nuclear Research) [9]. ALPHA and ATRAP (Antihydrogen TRAP,
another CERN-based experiment) synthesize neutral antihydrogen atoms from their charged
constituents, held in Penning–Malmberg traps. Low-energy antihydrogen atoms are then
confined in magnetic potential wells (Ioffe–Pritchard type [10] magnetic minimum atom traps),
thereby eliminating interactions with (and annihilations on) the walls of the surrounding
apparatus [11, 12]. Accurate in situ determinations of these trapping fields will play an important
role in future precision antihydrogen spectroscopy experiments. In this work, electron plasmas
are confined along the common axis of the Penning–Malmberg and Ioffe–Pritchard traps and are
used to probe the magnetic trapping fields in the vicinity of the minimum magnetic field. This
is precisely the region of the trap that is of spectroscopic interest; energy intervals between
hyperfine levels of the antihydrogen atom are field dependent, leading to the appearance
of sharp extrema in transition frequencies as atoms pass through the field minimum [13].
2
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The methods presented here were used extensively in the recent demonstration of the first
resonant electromagnetic interaction with antihydrogen [14].
We also discuss the use of an electron plasma as a microwave electric field probe.
Knowledge of the microwave field is crucial for any microwave experiment in such a trap.
Gaps between electrodes, changes in electrode radius and reflections create an environment
that supports a complex set of standing and travelling wave modes. The resulting microwave
electric fields can vary drastically as a function of position and frequency, and accurately
simulating the mode structure presents a largely intractable problem. Using the magnitude of
the cyclotron heating by a microwave field, however, we can estimate the amplitude of the corotating component of the electric field. Furthermore, by employing techniques analogous to
magnetic resonance imaging, we can create a map of the co-rotating microwave electric field
(CMEF) amplitude along the cylindrical Penning–Malmberg trap axis.
2. Method

For the remainder of this work we focus on the implementation of the techniques in a cylindrical
Penning–Malmberg trap. In principle, the techniques could be adapted for implementation
in a hyperbolic electrode Penning trap. We operate under the assumption that the cyclotron
frequency of the electron plasma is equivalent to the single particle cyclotron frequency,
f c = q B/2π m, where q is the electron charge, B is the amplitude of the magnetic field and
m is the electron mass. In general, a non-neutral plasma will have a set of cyclotron modes that
are shifted away from the single particle frequency, an issue that we discuss in section 5.3. In the
measurements presented here, however, such frequency shifts are below the achieved resolution.
When the cyclotron motion of electrons in a plasma is driven by a pulsed microwave
field, the absorbed energy is redistributed through collisions, resulting in an increased plasma
temperature. We measure this temperature change by non-destructively probing the plasma’s
quadrupole mode frequency. The quadrupole mode oscillation of a non-neutral plasma is just
one of a set of electrostatic plasma modes [15]. The frequencies of these modes are set by
the plasma density, temperature and aspect ratio α = L/2r , where L is the plasma length (major
axis) and r is the radius (semi-minor axis). For a plasma confined in a perfect quadratic potential
produced by distant electrodes, these mode frequencies can be calculated analytically in the
cold-fluid limit [15] and have been used experimentally to make non-destructive measurements
of plasma parameters [16–18]. The quadrupole mode holds particular interest here because the
frequency is shifted with increasing temperature above the cold-fluid limit. An approximate
treatment of non-zero temperatures has been proposed [19] and shown to agree well with
experiment [17, 20]. For a change in plasma temperature by 1T , the corresponding change
in frequency is given by
!
2
2
2
f
∂
g(α)
kB 1T
α
0 2
p
,
( f 2 ) − ( f 2 )2 = 5 3 −
(1)
c 2
2 ( f 2 ) ∂α 2
mπ 2 L 2
where kB is the Boltzmann constant and f 2 and f 20 are the quadrupole frequencies before and
after the heating pulse, respectively. The quadrupole frequency in the cold-fluid limit is given by
f 2c and g(α) = 2Q 1 [α(α 2 − 1)−1/2 ]/(α 2 − 1), where Q 1 is the first-order Legendre function of
the second kind. The plasma frequency f p is given by f p = (2π)−1 (nq 2 /m0 )1/2 , where n is the
plasma number density and 0 is the permittivity of free space. The temperature dependence
3
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of f 2 can be used to realize a non-destructive plasma temperature diagnostic. We typically
work in a regime where 1 f 2 / f 2  1, with 1 f 2 = f 20 − f 2 , so we make the approximation
( f 20 )2 − ( f 2 )2 ≈ 2 f 2 1 f 2 . The quadrupole frequency increase is therefore expected to be linear
with respect to the plasma temperature and given by
1 f 2 ≈ β1T,

(2)

where β is
5
β=
2 f2

α 2 f p2 ∂ 2 g(α)
3−
2 ( f 2c )2 ∂α 2

!

kB
.
mπ 2 L 2

(3)

Calculation of β from (3) assumes a plasma confined in a perfect harmonic potential,
and imperfections will shift β in an unknown manner. In the experiments that follow, the
electrode structure has not been optimized to produce a perfect harmonic potential. We instead
experimentally determine β as well as confirm the validity of (2) using an independent,
destructive temperature diagnostic (see section 4 for details). It is also important to note that
the quadrupole mode frequency is used only to measure relative changes in plasma temperature
and we do not attempt to infer absolute temperatures from the mode frequency.
The cyclotron resonance frequency is determined by monitoring the quadrupole mode
frequency while a series of excitation pulses are applied at frequencies that scan through
the cyclotron resonance. Each excitation pulse will cause a jump in the quadrupole mode
frequency, the amplitude of which should be maximized when the excitation frequency
matches the cyclotron frequency. Between each excitation pulse, the plasma cools back to
its equilibrium temperature via emission of cyclotron radiation. Because the quadrupole mode
diagnostic is non-destructive, we can map out a full cyclotron lineshape using a single electron
plasma.
In section 5, we demonstrate this technique in two different magnetic field profiles. The
first is the standard uniform solenoidal field of a Penning–Malmberg trap. In this field, we
expect a peak in the plasma heating at the single particle cyclotron resonance with a linewidth
set by the temperature of the plasma and any inhomogeneities in the magnetic field. We can
also apply the cyclotron frequency measurements to measure the minimum magnetic field of a
magnetic neutral atom trap such as that used for the trapping of antihydrogen in the ALPHA
experiment.
These methods can also be applied in a microwave electrometry mode by using the
magnitude of plasma heating at the cyclotron frequency as a measure of the amplitude of the
microwave electric field. We can estimate the amplitude of the co-rotating component of the
electric field by treating the electron plasma as a collection of single particles precessing around
the magnetic field at the single particle cyclotron frequency. Working from the single particle
equations of motion for an electron:
m

dv
= qE + qv × B,
dt

(4)

we can find the average change in the transverse kinetic energy when a collection of
electrons undergoing cyclotron motion is exposed to a near-resonant transverse oscillating
electric field. To simplify the equations, we define ω = q B/m and decompose the electric
field into components that co-/counter-rotate with respect to the cyclotron motion; that is,
4
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E ± (t) = E x (t) ± i E y (t). We can then write v± = vx (t) ± i v y (t) and the single particle
equations of motion become
dv± (t)
q
= E ± (t) ∓ i ωv± (t).
dt
m

(5)

Assuming that the heating pulses, and consequently E ± (t), are non-zero only for a time short
compared to damping and collisional timescales, the solution to (5) is


±i ωt0

v± (t) = v± (t0 ) e

q
+
m

Z

t

±i ωt 0

e

E ± (t ) dt
0

0



e∓i ωt ,

(6)

−∞

where E ± (t) = 0 for t < t0 . The change in average transverse kinetic energy, hKE⊥ i =
mhv+ v− i/2, caused by a pulse of microwaves is therefore
q2
1hKE⊥ i =
2m

Z

∞

2

E + (t 0 ) ei ωt dt 0 ,
0

(7)

−∞

where E + = E x (t) + i E y (t) is the co-rotating component of the microwave electric field.
Following the microwave pulse, collisions redistribute the kinetic energy among the three
degrees of freedom, resulting in a temperature change of
1T =

2
1hKE⊥ i.
3kB

(8)

By measuring the temperature increase due to a pulse of microwave radiation, via the
quadrupole mode frequency increase, the magnitude of the co-rotating microwave electric field
can be calculated using (7) and (8). Microwave fields at different frequencies can be probed
by adjusting the magnetic field to set the cyclotron resonance to the desired frequency. For
convenience we will abbreviate the co-rotating microwave electric field as ‘CMEF’ for the
remainder of this work.
The structure of the CMEF along the trap axis can also be probed in this manner. If allowed
by the trap construction, the electron plasma can be moved to different axial positions, providing
a map of the CMEF strength at a resolution set by the plasma length. For a given plasma length,
this resolution can be improved by making a magnetic resonance imaging style scan of the
plasma. A linear magnetic field gradient is applied across the length of the plasma, creating a
position-dependent cyclotron frequency. Microwaves injected at a given frequency will only be
resonant with a narrow slice of the plasma. The resulting plasma heating depends on the local
CMEF over the narrow slice and the number of particles in resonance. If the static magnetic
field is changed, without changing the gradient, a different slice of plasma will be moved
into resonance. In a uniform microwave electric field, this would amount to a one-dimensional
projection image of the plasma, with a plasma heating proportional to the number of particles
in resonance at each step. In the case of a highly variable electric field over the plasma length
and an approximately uniform density spheroidal plasma, we can extract a map of the CMEF
strength over the plasma length.

5
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Figure 1. Sketch of the core of the ALPHA apparatus. A 1 T solenoid (not shown)

surrounds the components shown here with the exception of the microwave horn located
1.3 m from the centre of the trap. The quadrupole mode excitation signal is applied to
an electrode at one end of the plasma and the subsequent ringing of the plasma is picked
up from the centre electrode. The radial extent of the plasma has been exaggerated here
for illustration purposes.

3. Apparatus

The measurements presented here were carried out by the ALPHA antihydrogen experiment [21] located in the Antiproton Decelerator facility at CERN. The ALPHA Penning–
Malmberg trap consists of 35 cylindrical electrodes whose axis is aligned with the axis of a 1 T
superconducting solenoid. Both dc potentials and oscillating fields up to several tens of megahertz in frequency can be applied to the electrodes. The measurements were made in a region
of the trap with an electrode wall radius of 22.5 mm. The electrodes are thermally connected to
a liquid helium bath and cool to approximately 7.5 K. Surrounding the trap electrodes are three
superconducting magnets that form the magnetic minimum neutral atom trap (see figure 1). A
three-dimensional (3D) magnetic minimum is created by two mirror coils, which produce an
axially increasing field around the centre, and an octupole winding, creating a radially increasing field [22]. A smaller superconducting solenoid surrounds a portion of the Penning trap and
is used in the capture of antiprotons from the Antiproton Decelerator. With the exception of
section 6.2 this solenoid is not energized for any of the measurements presented here.
Electrons are emitted by an electron gun positioned on the Penning–Malmberg trap axis
by a movable vacuum manipulator, which also includes a micro-channel plate (MCP) and a
phosphor screen detector (collectively referred to as the ‘MCP detector’ for convenience) and
a microwave horn. Using the MCP detector, the plasma’s integrated radial density profile can
be measured destructively [23]. The number of electrons in a trapped plasma can be measured
by releasing the particles onto a Faraday cup and measuring the deposited charge. From the
particle number, radial profile and knowledge of the confining potentials, the full 3D density
distribution can be calculated numerically [24]. The plasma radial distribution, and therefore the
aspect ratio and the parameter β (see (2) and (3)), can be manipulated by applying a ‘rotatingwall’ electric field using segmented electrodes [25]. Plasma temperatures can also be measured
using the MCP detector [26]. If the confining potential is reduced slowly (with respect to the
axial bounce frequency of approximately 15 MHz), the highest energy particles will escape
the well first and their charge will be registered by the MCP detector. Typically, the confining
6

New J. Phys. 16 (2014) 013037

C Amole et al

well is reduced to zero over 20 ms, ensuring that particles of a given energy have time to escape
before the confining potential changes significantly. Assuming that the plasma is in local thermal
equilibrium along the magnetic field lines, the velocity distribution of the first escaping particles
will follow the tail of a Maxwell–Boltzmann distribution [26]. The plasma temperature can
therefore be determined by an exponential fit to the number of particles released as a function
of well depth.
Microwaves at frequencies between 26 and 30 GHz are generated by an Agilent 8257D
synthesizer and are carried by coaxial cable down one of two potential paths: a high power path
with a 4 W amplifier for resonant experiments with antihydrogen, and a low-power path (no
amplification) for the electron cyclotron resonance diagnostics discussed here. These two paths
merge just before entering the trap vacuum via a WR28 waveguide through a hermetically sealed
quartz window. Finally, an internal length of waveguide brings the microwaves to a microwave
horn that is aligned with the Penning trap axis.
We measure the quadrupole mode frequency by first exciting the mode with a Gaussian
modulated radio-frequency (RF) pulse applied to an electrode at one end of the plasma (see
figure 1). The subsequent ring down of the plasma (Q ≈ 1000) is picked up on the central
electrode. The response signal is amplified, passed through a broad band-pass filter, and then
digitized. The quadrupole mode frequency is extracted from the digital signal using a fastFourier transform (FFT) and a peak-finding routine. The drive pulses are typically 0.3–1.0 V,
1 µs in duration, and thus have a spectral width of approximately 1 MHz. We apply five pulses,
each separated by 100 ms, and average the five response signals before performing the FFT. In
this configuration the quadrupole mode frequency is probed every 1.2 s.
All experiments in this paper utilize electron plasmas loaded in a roughly harmonic
potential produced by five electrodes in the centre of the Penning traps. At 1 T the electron
cyclotron frequency is approximately 28 GHz. The plasmas typically have a radius of 1 mm
and are 20–40 mm in length, overlapping three electrodes. Plasma loads of 3 × 106 to 4 × 107
electrons were studied. The lower limit is set by our ability to distinguish the quadrupole mode
signal from background noise. These plasmas have densities between 5 × 1013 and 5 × 1014 m−3
and typical temperatures of ∼150 K. At these densities and temperatures, collisions will bring
the cyclotron motion into equilibrium with the motion parallel to the magnetic field at a rate of
roughly 105 s−1 [27]. The quadrupole mode frequency of these plasmas is typically 24–28 MHz.
4. Quadrupole mode calibration

Before using the quadrupole mode frequency shift to measure the cyclotron frequency or
estimate the microwave electric field, the linearity of (2) and the value of β were determined
experimentally. This was accomplished by continuously monitoring the quadrupole mode
frequency of an electron plasma, while an RF noise drive, applied to a nearby electrode, heats the
plasma. After the plasma reaches a new equilibrium, the temperature is destructively measured
using the MCP detector. For different RF drive amplitudes, the final plasma temperatures and
the corresponding quadrupole frequency shifts were determined. Figure 2 shows the measured
calibrations for three plasmas with the same number of electrons (2 × 107 ) but different aspect
ratios. The aspect ratios are determined from the numerically calculated self-consistent density
distributions based on measured particle numbers and radial profiles.
The frequency shift is seen to be linear with the change in temperature, as predicted. For
the majority of the measurements that follow, we use a plasma consisting of 1.2 × 107 electrons,
7
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Figure 2. Final plasma temperature plotted against the quadrupole frequency increase

for three different plasma aspect ratios. The temperature measurement uncertainties are
roughly 5 K and not visible on this plot. From a linear fit to the data β −1 is calculated to
be 6.4 ± 0.5 K kHz−1 for α = 21, 5.3 ± 0.4 K kHz−1 for α = 14 and 4.6 ± 0.2 K kHz−1
for α = 10.

α = 16, L = 26 mm, a base temperature of ∼150 K and a measured 1T versus 1 f 2 calibration
of β −1 = 3.7 ± 0.3 K kHz−1 . Quadrupole mode frequency changes can be measured to around
5 kHz, enabling us to resolve temperature changes of roughly 20 K or greater with these plasma
parameters.
5. Cyclotron frequency measurements

The cyclotron frequency of an electron plasma is measured by repeatedly probing the
quadrupole mode frequency while a series of microwave pulses are applied. Each microwave
pulse is 4 µs long and at a different frequency, spanning a range that includes the cyclotron
resonance. The resulting increase in the quadrupole mode frequency is then measured for each
pulse. Between the pulses, the electrons will radiatively cool in the 1 T field with a characteristic
cooling time of roughly 4 s. To ensure that the plasma returns to thermal equilibrium, each pulse
is separated by 15–35 s.
5.1. Uniform field

We first examine the case of a nominally uniform solenoid field at 1 T. A real-time readout of
the quadrupole frequency during a cyclotron frequency measurement can be seen in figure 3(a).
The lineshape is constructed by plotting the quadrupole mode frequency shifts (1 f 2 ) against the
microwave frequency (see figure 3(b)). The observed lineshape (without additional heating) is
roughly Gaussian with a dip near the peak. Increasing the plasma temperature (via RF heating)
broadens the overall lineshape but a very strong narrow peak emerges with broad side lobe-like
features (figure 3(b)). This peak does not appear to broaden as plasma temperature increases.
At the end of the lineshape measurement, while still heating and probing the quadrupole mode
frequency, we move the MCP detector into place to measure the plasma temperature.
Similar datasets collected using a different cylindrical Penning–Malmberg trap show the
same general features: a large roughly central peak with broad side lobe-like features. The side
8
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Figure 3. (a) Real-time readout of the quadrupole mode frequency during a cyclotron

resonance scan of an electron plasma. The sudden jumps in frequency are due to
4 µs microwave pulses near the cyclotron resonance frequency. The slowly decreasing
baseline quadrupole frequency is likely due to the slow expansion of the plasma. (b) The
measured cyclotron lineshapes at different plasma temperatures.

lobes and the relative height of the central peak change significantly at different cyclotron
frequencies. Interpretation of these lineshapes is complicated by the strong frequency and
position dependence of the microwave field. The narrow central peak is particularly surprising,
as its full width at half maximum (FWHM) is of the order of 0.5–1 MHz. For comparison, if
the microwaves are treated as a plane wave propagating down the trap axis, a Doppler width of
∼10 MHz would be expected for an electron cloud at 150 K. The narrow width of the central
peak may be due to a subset of the electrons if they are confined within a constant phase region
of a standing wave structure [28] in the trap or an effect of the fact that the wavelength of
the microwaves (∼1 cm) is comparable to the radius (∼ 0.1 cm) and length (∼4 cm) of the
plasma [29].
While we do not have a complete understanding of the observed lineshapes, the position
of the central peak scales well with the magnetic field strength as the current in the solenoid is
increased. Figure 4 shows the peak frequency as a function of the magnetic field measured by an
uncalibrated Hall probe placed off-axis within the solenoid bore. A linear fit to the data results in
a root-mean-square deviation of only 1 MHz. We conclude that the position of the central peak
(where the cyclotron heating is maximized) corresponds to the cyclotron resonance frequency.
We are able to measure this frequency to within 1 MHz in a uniform field, corresponding to
a measurement of the magnetic field to 3.6 parts in 105 . Surprisingly, due to the nature of the
observed lineshapes, we can identify the central peak frequency more precisely using hotter
electron plasmas.
5.2. Neutral atom trap field

One of the goals of the ALPHA collaboration is microwave spectroscopy of the hyperfine
levels of antihydrogen’s ground state. The highly inhomogeneous magnetic trapping fields,
however, are detrimental for such a measurement. The inhomogeneity of the magnetic field
and the strong field dependence of the hyperfine transition frequencies reduce the effective time
a trapped antihydrogen atom will be in resonance with a microwave field at a fixed frequency.
9
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Figure 4. Peak heating frequency as a function of the solenoid current and the resulting

magnetic field as measured using a Hall probe. The Hall probe is located within the bore
of the Penning trap solenoid.

In order to maximize the probability of inducing transitions between the hyperfine levels, a
precise measurement of the magnetic trap minimum (where the field is most uniform) is critical.
The neutral trap is formed by the superposition of an axial mirror field and an octupole
field. Over the extent of the plasma, the octupole field varies by less than 0.1 mT, so we first
focus on the cyclotron frequency in the mirror field alone. The magnetic field produced by the
mirror coils is given by


r2
2
Bz (z, r ) = B0 + a z −
,
(9)
2
where B0 is the magnetic field at z = r = 0 and a ≈ 16 T m−2 when the mirror coils are operated
at the current used for antihydrogen trapping. The magnetic field is approximately uniform over
the 1 mm plasma radius, so the axial gradient of the field will dominate. The magnetic field is
most homogeneous at the minimum, and microwaves tuned to this frequency will be resonant
with the largest portion of the plasma. When the frequency is increased above the minimum,
the microwaves come into resonance with increasingly narrow slices of plasma symmetrically
displaced along the trap axis from the minimum. The axial position of the resonance is plotted
as a function of cyclotron frequency in figure 5(a).
A simple model of the expected lineshape can be constructed from the axial magnetic
field profile with thermal broadening. The lineshape due to the magnetic field alone is shown
in figure 5(b) (solid blue trace). The thermal motion of the electrons parallel to the magnetic
field will broaden this lineshape and introduce a systematic shift of the peak frequency away
from the true minimum. This systematic shift arises from the convolution of a Gaussian with the
lineshape function due to the field profile. For example, if the microwave field is a plane wave
propagating along the trap axis the FWHM of the Gaussian is given by the standard Doppler
width 1 f FWHM = (8kB T ln 2/mc2 )1/2 f c , where c is the speed of light in a vacuum. With a plasma
temperature of 150 K, this results in a shift of the peak frequency of 4 MHz above the true
minimum resonance as illustrated in figure 5(b) (dot-dashed green trace). Without knowledge of
the microwave mode structure, however, the true Doppler width is unknown. The uniform field
10
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Figure 5. (a) The axial positions of the cyclotron resonance as a function of the

microwave frequency in the mirror field. (b) The measured cyclotron resonance
lineshape (black triangles) and simple models of the expected lineshape in the
inhomogeneous mirror coil magnetic field. The solid blue curve denotes the expected
lineshape due to the magnetic field profile alone. The dashed and dot-dashed curves
show the effect of thermal broadening of this lineshape with plasma temperatures of 25
and 150 K, respectively. Here the microwave field has been taken to be a plane wave
propagating down the Penning trap axis.

linewidths are narrower than predicted for the axially propagating plane wave case, suggesting
that the peak frequency is shifted by < 4 MHz.
The observed cyclotron lineshape in the mirror coil field is also shown in figure 5(b).
An onset peak is observed as expected but the lineshape deviates from the simple model at
higher frequencies. The distortion of the lineshape is a result of spatial and frequency dependent
variations in the CMEF. In section 6.2 the spatial variation of the CMEF is measured and used
to better model these lineshapes.
While the full lineshape is significantly distorted, the low-frequency onset we wish to
characterize remains a prominent feature. We take the position of the onset peak maximum
to be the minimum cyclotron resonance frequency. This frequency is plotted in figure 6(a) as a
function of the current in the mirror coils. When the mirror current is increased, the minimum
magnetic field increases and the field profile changes from uniform across the plasma to highly
non-uniform. Significant changes in the local CMEF strengths will occur over the range of
cyclotron frequencies plotted in figure 6(a). The onset peak frequency is relatively stable against
these fluctuations, but, with a root-mean-squared deviation of 10 MHz obtained from a linear fit
to the data. Measurements of the mirror field lineshapes at plasma temperatures between 150
and 1000 K show a broadening of the onset peak but we do not observe any systematic shift of
the peak frequency. This is likely due to the strong effect of the changing CMEF amplitude as a
function of position and frequency. We conclude that the rms deviation of 10 MHz in figure 6(a)
reflects our uncertainty in determining the minimum cyclotron frequency. This corresponds to a
relative magnetic field measurement of 1B/B ≈ 3.4 × 10−4 .
We also characterized the contribution to the field by the octupole magnet. A perfect
octupole field would have no axial component at the trap centre but the end turns in the octupole
11
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Figure 6. (a) The frequency of the minimum cyclotron resonance ( f min ) as a function of

the current in mirror coil magnets. The octupole magnet is not energized during these
measurements. (b) The cyclotron resonance as a function of the current in the octupole
magnet. The mirror coil magnets are not energized for these measurements.

windings add a small amount. The octupole field is approximately uniform over the radius and
length of the plasma, so the lineshapes are effectively those of a uniform field. Figure 6(b) shows
the measured cyclotron frequency against the octupole current. At our nominal antihydrogen
trapping current, the resonance is shifted by approximately 40 MHz. When the full neutral
trap is energized one would expect that the minimum cyclotron resonance frequency would
be a simple superposition of the octupole and mirror field resonances. Surprisingly, however,
the minimum cyclotron resonance is found roughly 40 MHz below the expected value. The
cause of this deviation is currently unknown but it may be due to some interaction between
the superconducting magnets in the ALPHA apparatus such as shielding effects or flux pinning
effects. While there are no known plasma effects that could explain this discrepancy, we cannot
rule out the possibility of a systematic offset of 40 MHz in the measurement of the minimum
field in the full neutral trap.
5.3. Cyclotron frequency shifts

So far we have been working under the assumption that the observed cyclotron frequency of the
electron plasma is equivalent to the single particle cyclotron frequency. In practice, however, a
non-neutral plasma in a Penning trap can oscillate at a set of cyclotron modes that occur near
the single particle frequency. These modes have been studied experimentally in electron [6]
and magnesium ion plasmas [7, 30] in a uniform magnetic field. The observed cyclotron modes
have an angular dependence exp(i `θ ), where ` > 1. Assuming a uniform density plasma out to a
radius rp , these modes are shifted from the single particle cyclotron frequency by an amount [31]
"



rp
1 f c,` = ` − 1 −
rw

2` #

f rot ,

(10)

where f rot is the plasma rotation frequency and rw is the inner radius of the electrodes. The ` = 1
cyclotron mode is downshifted from the single particle cyclotron frequency by an amount equal
to the diocotron frequency of the plasma: 1 f c,1 = −(rp /rw )2 f rot = − f d . Assuming a square
12
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plasma profile with a uniform density of n = 9 × 1013 m−3 out to rp = 1 mm, we can estimate
the rotation frequency as f rot = nq/(4π0 B) = 130 kHz. Because the plasma radius is small
compared to the electrode radius (rw = 22.5 mm) the ` = 1 cyclotron mode is downshifted
by a negligible amount. The ` > 1 modes, however, will be upshifted by integer multiples of
130 kHz, which is approaching the same order as the full spectral width of the 4 µs microwave
pulses and the width of the observed central peaks (figure 3(b)). We do not, however, observe
any systematic shifts of the observed cyclotron lineshapes as a function of density between
n = 8 × 1013 and n = 2 × 1014 m−3 .
6. Microwave electrometry

In addition to using the microwave–electron interactions to measure the cyclotron frequency,
we can also extract information about the microwave electric field. As previously discussed, the
structure of a cylindrical Penning–Malmberg trap can give rise to large variations in microwave
electric and magnetic field amplitudes as a function of frequency and position in the trap.
For any microwave experiment in such an environment, including hyperfine spectroscopy of
antihydrogen, in situ diagnostics of the microwave field at different positions and frequencies
can be extremely useful.
6.1. Electric field amplitude

Using the quadrupole mode frequency calibration, we can measure the change in temperature
due to a microwave pulse and infer the CMEF amplitude from (7) and (8). To ensure that
we are in the short pulse limit, we inject 80 ns microwave pulses. The collisional rate at
which the cyclotron motion of the electrons equilibrates with the motion parallel to the 1 T
field at 150 K is approximately [27] 0 ∼ 10−9 n m3 s−1 . We use a plasma with a density of
n = 2 × 1014 m−3 giving an expected equilibration rate of 0 ∼ 2 × 105 s−1 . The Agilent 8257D
synthesizer produces a stable frequency and phase over the duration of the microwave pulse so
the spectral width is effectively set by the pulse length. The full spectral width of the 80 ns pulse
is 2.5 × 107 Hz, two orders of magnitude larger than 0, so collisional damping can be neglected
and (7) is valid.
We inject square microwave pulses where the transverse components of the electric field
approximately take the form
E x (t) = E x,0 cos(ω0 t)[H (t + τ/2) − H (t − τ/2)],

(11)

E y (t) = E y,0 cos(ω0 t + δ y )[H (t + τ/2) − H (t − τ/2)],

(12)

where H is the Heaviside step function and τ is the pulse duration. The co-rotating component
of the electric field is given by E + (t) = E x (t) + i E y (t) and one finds that


Z ∞
sin[(ω0 − ω)τ/2] sin[(ω0 + ω)τ/2]
0
i ωt 0
0
E + (t ) e dt =
+
E0,
(13)
ω0 − ω
ω0 + ω
−∞
where E 0 = E x,0 + i E y,0 eiδ y . Near resonance 1ω = ω0 − ω  ω0 + ω, so to a good
approximation


Z ∞
τ
1ωτ
0
i ωt 0
0
E + (t ) e dt = sinc
E0
(14)
2
2
−∞
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with a total error of order 1/(ω0 τ ). Inserting (14) into (7) we have


q 2τ 2
2 1ωτ
1hKE⊥ i =
sinc
|E 0 |2 .
8m
2

(15)

Using (2), (8) and (15) and solving for the amplitude of the CMEF at resonance (1ω = 0) yields
√
2 3mkB 1 f 2 /β
|E 0 | =
.
(16)
qτ
As an example we use a plasma of 1.2 × 107 electrons with a measured quadrupole
frequency calibration of β −1 = 3.7 K kHz−1 . Microwaves are injected at a resonant frequency
of 27.370 GHz in 80 ns pulses. With a power of 9 mW emitted from the microwave horn, using
the low-power microwave transmission path, we measure a quadrupole mode shift of 1 f 2 =
100 kHz, corresponding to a CMEF amplitude of 18.4 V m−1 . Approximating the microwaves
as plane waves propagating down the trap axis, this corresponds to a power of 0.7 mW; a loss
of 11 dB from the horn to the plasma. As the resonance frequency changes, large fluctuations in
electric field amplitude are observed.
For hyperfine spectroscopy of trapped antihydrogen it is useful to estimate the hyperfine
transition rate expected. In this case, the transverse magnetic field component of the microwave
field is the relevant quantity. Unfortunately, without knowledge of the field structure in the trap
we cannot properly calculate the magnetic field amplitude from the measured electric field. We
can make an order of magnitude estimate, however, by approximating the microwaves as plane
waves in free space. Based on the measured CMEF amplitude, the high-power transmission path
of the microwave system would produce a CMEF of roughly 100 Vm−1 . For a plane wave with
this electric field, the co-rotating component of the magnetic field is B = E/c ≈ 0.33 µT, where
c is the speed of light in a vacuum. Based on a simulation of the interaction of microwaves with
trapped antihydrogen, a positron spin flip rate of approximately 1 s−1 is expected, consistent
with the observations in [14]. While only an order of magnitude estimate, these measurements
are very useful in a situation where the microwave field is otherwise unknown.
6.2. Microwave electric field maps

By moving the plasma along the trap axis and repeating the electric field amplitude measurement
described above, the axial dependence of the CMEF can be probed. The spatial resolution will
be set by the plasma length as field variations on a smaller scale will be averaged out. For the
typical plasma used in the current work, we can therefore sample changes in the CMEF over
2–4 cm in this manner.
We can probe the electric field on a finer scale by keeping the plasma position fixed
and applying a magnetic field gradient across the plasma (see figure 7(a)) such that only a
small portion of the plasma is resonant at a given frequency. The gradient is produced by the
fringe field of a superconducting solenoid at one end of the ALPHA trap (see figure 1) and
is numerically modelled using TOSCA/OPERA3D23 . Microwaves are pulsed every 35 s at a
fixed frequency, while the Penning trap solenoid is slowly swept (keeping the gradient fixed)
to bring different parts of the plasma into resonance for each pulse. The resonant position of
each pulse is determined by the modelled magnetic field gradient and the rate at which the
23

Commercial product from Cobham Technical Services (www.cobham.com/technicalservices).
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Figure 7. (a) Magnetic field gradient across the electron plasma created by the fringe

field of the catching solenoid (see figure 1). (b) The square root of the measured
quadrupole mode frequency increase plotted as a function of axial position over the
plasma for a microwave frequency of 28.375 GHz. Assuming a perfect linear magnetic
field gradient and a cylindrical plasma, the measured (1 f 2 )1/2 (inverted blue triangles)
are proportional to the CMEF amplitude. The red triangles are the relative CMEF
amplitudes when the spheroidal plasma shape and deviations from a linear gradient are
considered.

solenoid is swept. A microwave pulse length of 4 µs with a full spectral width of 500 kHz
is employed such that only a small portion of the plasma is excited with each pulse. With a
uniform microwave electric field, this scan would be analogous to magnetic resonance imaging
of the plasma. Here, however, the plasma is approximately a uniform density spheroid in a
highly structured electric field. By scanning the resonance across the plasma and measuring the
quadrupole frequency shifts, a relative map of the CMEF along the z-axis of the plasma can be
generated. As a simple estimate we can assume a perfectly linear magnetic field gradient and a
cylindrical plasma (uniform radius between z = −L/2 and L/2) such that the relative plasma
heating only depends on the local CMEF amplitude.
In reality, the plasma is better approximated by a spheroid and the fringe field of the
solenoid does not produce a perfectly linear magnetic field gradient. These two effects change
the volume of the plasma that is in resonance with a microwave pulse as a function of z,
increasing or decreasing the observed quadrupole frequency shift. To account for the spheroidal
shape of the plasma, we multiply by a correction factor r (0)/r (z) = (1 − (2z/L)2 )−1/2 , where
L = 40 mm for the plasma used in figure 7. As the slope of the fringe magnetic field decreases
at high z, a larger portion of the plasma will be excited by each pulse, increasing the
plasma heating. This can be corrected for by multiplying the observed response by a factor
(B 0 (z)/B 0 (0))1/2 , where B 0 (z) = dB/dz. Both correction factors have been normalized to the
response at the centre of the plasma. As an example, figure 7(b) plots (1 f 2 )1/2 (which is
proportional to |E 0 |) as a function of z at a microwave frequency of 28.375 GHz with and
without the corrections applied. The spheroidal shape correction has the greatest effect far from
the middle of the plasma and breaks down when |z| = L/2. Better measurement of the CMEF
strength at these points can be obtained by repositioning the plasma over the region of interest.
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Figure 8. (a) The improved model (blue line) of the measured cyclotron lineshape

shown in figure 5 using a map of the CMEF at 28.375 GHz. The red dashed line shows
the simple model for comparison. (b) A second example demonstrating the improved
modelling (blue line) of the cyclotron resonance lineshape using a CMEF map at
28.270 GHz compared to the simple model (red dashed line).

The spatial resolution of this mapping is set by the field gradient and the linewidth of the
resonance. In the current example, the gradient used is approximately 0.09 mT mm−1 . Based on
the FWHM of the observed uniform field lineshape at 140 K (see figure 3), which is 0.2 mT in
terms of magnetic field, we estimate that each pulse samples a slice of plasma approximately
2 mm long.
6.3. Modelling the mirror field lineshapes

With the measurements of the axial CMEF profile we can attempt to better model the cyclotron
lineshapes observed in section 5.2. Starting with the simple lineshape model discussed in
section 5.2 we apply a frequency-dependent correction factor based on a measured CMEF
map. In the mirror field, each microwave frequency is resonant with two slices of the plasma
symmetric about z = 0 (see figure 5(a)). From the CMEF map we can estimate the relative
field strengths at these two positions and therefore the distortion of the lineshape due to the
spatially varying electric field. This model will not be completely accurate, however, as the
CMEF is mapped at a fixed microwave frequency. As the frequency is changed during the
cyclotron resonance lineshape measurement the CMEF profile will change with it. Thermal
broadening is included in the model by convolving a Gaussian with the lineshape based on the
magnetic field profile alone. Because we do not have enough information about the structure of
the microwave field to accurately model the thermal broadening, a generic Gaussian given by
exp (−4 ln 2 f 2 /1 f 2 ) is used, where the width 1 f is a fit parameter.
Using the CMEF map at 28.375 GHz shown in figure 7, a model for the cyclotron lineshape
shown in figure 5 (with a peak response frequency at 28.372 GHz) is generated (figure 8(a)).
The model matches the onset peak structure well and is an improvement over the simple model
but still deviates from the measurements above a frequency of 28.380 GHz. This is likely the
effect of the CMEF profile changing as a function of frequency. Figure 8(b) shows a second
example of a modelled lineshape with a peak response frequency at 28.270 GHz and using a
CMEF map at 28.270 GHz. The improved agreement with the measured cyclotron resonance
lineshapes provides an additional measure of confidence that the observed lineshapes are due to
the magnetic field inhomogeneity, thermal broadening and the spatial and frequency dependence
of the CMEF amplitude.
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7. Conclusion

While the uniform field lineshapes measured in section 5.1 are not fully understood, we can
identify the cyclotron resonance frequency to within 1 MHz. This is of the same order as the
spectral width of the 4 µs microwave pulses and may be improved with longer pulses. This is
also approaching the order on which systematic shifts of the observed resonance away from the
single particle cyclotron frequency, due to the plasma rotation, are expected. If the resolution
of the cyclotron frequency measurement is increased further, a careful study of the frequency
shifts will be necessary.
When the magnetic field is non-uniform over the plasma length, the spatial dependence
of the microwave electric field will distort the cyclotron lineshape significantly. In the neutral
atom trap field, the uncertainty in the measurement of the minimum field due to these distortions
can be reduced by flattening the field at the minimum. With more of the plasma resonant at
the minimum cyclotron frequency, variations in CMEF strength will be averaged over a larger
range, approaching the uniform field case, and make identification of the onset peak easier. A
new version of the ALPHA apparatus, currently under construction, includes three additional
mirror coils that can act as compensation coils to flatten the field minimum while maintaining
the magnetic trap depth.
Eliminating the uncertainties resulting from the spatial dependence of the microwave
field requires the inclusion of a microwave cavity. In addition to removing a large source of
uncertainty, if the majority of the plasma is confined between nodes of a trapped resonator
mode, the lineshape will be dominated by a Doppler free peak at the cyclotron frequency [28],
greatly increasing the achievable resolution of the measurement. Designing a cavity that does
not compromise the ability to store and manipulate charged plasmas presents a challenge but
may be included in future upgrades to the ALPHA apparatus.
In this work, we have described a novel method for the measurement of the cyclotron
frequency of an electron plasma in a Penning–Malmberg trap. This method is applied
at microwave cyclotron frequencies as an in situ, non-destructive and spatially resolving
measurement of the static magnetic field and microwave electric field strengths in the trap. In the
ALPHA trap our measurement of the magnetic field had an accuracy of about 3.6 parts in 105
for the nominally uniform magnetic field. In the magnetic neutral atom trap fields, the minimum
was resolved to within about 3.4 parts in 104 , with a potential systematic offset of 1.4 parts in
103 which cannot be ruled out at this time. An uncertainty of 3.4 parts in 104 would translate
to an inaccuracy of only 64 Hz (2.5 parts in 1014 ) in the 1S–2S transition frequency, assuming
a minimum magnetic field of 1 T [32]. With hardware improvements and further study, the
sensitivity of these measurements could approach a resolution limited by collisional scattering
(roughly 1 part in 106 for typical plasmas used here). Implementation of these techniques as a
diagnostic tool requires an electron or ion plasma with a detectable quadrupole mode frequency
and a method for excitation of the cyclotron motion.
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