
ARTICLE IN PRESS
Nuclear Instruments and Methods in Physics Research A 521 (2004) 318–325
$This wo

and by the

*Corresp

510-643-849

E-mail a

URL: H
1More p

highly excit

0168-9002/$

doi:10.1016
Malmberg–Penning and Minimum-B trap compatibility:
the advantages of higher-order multipole traps$

J. Fajans*, A. Schmidt

Department of Physics, University of California, 366 LeConte Hall, Berkeley, CA 94720, USA

Received 16 June 2003; received in revised form 21 October 2003; accepted 7 November 2003

Abstract

The ATHENA and ATRAP collaborations have recently created large numbers of untrapped anti-hydrogen atoms.

The most commonly suggested scheme for trapping the anti-hydrogen is to use a Minimum-B trap. Unfortunately, the

Minimum-B fields are very likely to destroy the confinement of the anti-hydrogen constituents, the positrons and anti-

protons, which are themselves held in double-well Malmberg–Penning traps. The reasons for the loss of confinement,

and modifications to the Minimum-B trap that may alleviate this problem, are discussed in this paper.

r 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Two recent experiments at CERN have had
remarkable success generating anti-hydrogen ð %HÞ
[1–3]1. The two experiments differ in details, but
both experiments employ double-well, Malmberg–
Penning traps (see Fig. 1) to hold and cool the
anti-hydrogen constituents: positrons ðeþÞ; and
anti-protons ð %pÞ: Malmberg–Penning traps use
strong axial magnetic fields to keep particles from
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escaping radially, and electrostatic wells to keep
them from escaping axially. ‘‘Double-well’’ Malm-
berg–Penning traps confine oppositely charged
particles by using adjacent wells of different sign.
In the experiments considered here, temperature
effects or ‘‘sloshing’’ are used to make the anti-
hydrogen constituents overlap, and, occasionally,
form anti-hydrogen through radiative or three-
body recombination. Being neutral, the anti-
hydrogen is not confined in the Malmberg–
Penning trap. Consequently, the anti-hydrogen
lasts only until it is carried into the trap wall by its
initial momentum.
Ultimately, the experimenters hope to test CPT

invariance by doing precision spectroscopy on
anti-hydrogen; such detailed measurements
can only be done on trapped anti-hydrogen.
Currently, no lasers are available that can
d.
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Fig. 1. Schematic diagram showing a double-well Malmberg–

Penning trap similar to those used by ATHENA and ATRAP.

Fig. 2. The field coils for a quadrupole Minimum-B/Malm-

berg–Penning trap. (The electrostatic structures shown in Fig. 1

are placed inside the solenoid.) The solenoid produces the axial

field for the Penning–Malmberg trap, the two end coils generate

the mirror field that confines %H axially, and the four quadrupole

wires generate the field that confines %H radially. This config-

uration is similar to a Joffe configuration. To trap %H; the mirror
coils must be positioned so that the minimum in the field

extends over the overlap region in Fig. 1. Because the coils

induce transport, they may need to be pushed far enough away

that their field is small over the entire plasma region.

Table 1

Approximate ATHENA and ATRAP System Parameters

[21,22]

ATHENA ATRAP

Temperature 15 K 4:2 K
Solenoidal field 3 T 5:4 T
Positron density 2� 108 cm�3 1� 108 cm�3

Positron column length 3:2 cm 0:8 cm
Positron Debye length 0:0019 cm 0:0014 cm
Anti-proton density 104 cm�3 104 cm�3

Anti-proton column length 1:0 cm 1:0 cm
Anti-proton Debye length 0:27 cm 0:14 cm
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efficiently trap anti-hydrogen; instead, researchers
have spoken of using Minimum-B traps. Such
traps use the neutral’s magnetic moment to attract
the atoms to a minimum in the magnetic field.
Because the anti-hydrogen is generated inside

the Malmberg–Penning trap, the Minimum-B
fields must be superimposed on the Malmberg–
Penning fields. Unfortunately, simple Minimum-B
fields (see Fig. 2) are likely to destroy the
confinement of the anti-hydrogen constituents, eþ
and %p; in the Malmberg–Penning traps; anti-
hydrogen may not have enough time to be formed
before the positrons and anti-protons are lost.
However, using high-order multipole fields may
minimize the deleterious effects of the Minimum-B
fields on the constituent confinement.
2. ATHENA and ATRAP parameters

The parameters of the ATHENA and ATRAP
experiments are shown in Table 1. For the
discussion here, it is important to know whether
the %H constituents behave like a gas of non-
interacting single particles, or behave collectively,
like a plasma. This distinction determines whether
the orbits are determined solely by the vacuum
fields imposed by the trap itself, or from the far
more complicated self-consistent fields: the sum of
the vacuum fields and the fields from the charged
constituents themselves. It also suggests, but does
not entirely determine, whether or not collisions
are important. The distinction is made by compar-
ing the constituent column dimensions to the
constituent Debye lengths. (The Debye length is
lD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kT=4pne2

p
; where T is the temperature, n is

the density, and e is the unit charge.) For both
ATHENA and ATRAP, the positron Debye
length is much less than the positron column
radius or length; the positrons are in the collective,
or plasma regime. The anti-proton Debye lengths
are only somewhat smaller (factors of two–seven)
than the anti-proton column lengths and radii.
Thus, the anti-protons are also in the plasma
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regime, but less robustly than the positrons. Note
that both the positrons and the anti-protons are
far from the Brillouin limit, and diamagnetic
effects are unimportant.
3. Effect of the mirror field

Axial %H confinement in Minimum-B traps is
provided by a ‘‘mirror’’ field that peaks the field at
the trap ends. Such fields can be generated by
two end coils, as shown in Fig. 2. Both the eþ

and %p equilibria and transport will be affected by
the mirror fields. Equilibria in mirror fields
have been studied experimentally [4] and theore-
tically [5]. The relevant affects of the mirror
field are
(1)
 The eþ and %p densities will be proportional to
the magnetic field. (This is true only because
the eþ and %p form charged plasmas. If the
constituents behaved like a gas of non-
interacting particles the density would be
independent of the field strength.)
(2)
 The radii of the columns of eþ and %p will neck
down in the high field region slightly more
than one would expect from following the
magnetic field lines.
(3)
 Charged particles with a high ratio of
perpendicular to parallel energy will reflect
from the increasing field; thus, particles will be
trapped in the low magnetic field region.
(4)
 The electric potential will not be constant
along field lines; particles will be attracted into
the high field region. Consequently:

�
 The separatrix between the trapped and

untrapped particles in the low field region
will be significantly modified from the
standard result by the potential variation.
�
 Particles will also be trapped in the high

magnetic field region. (This would not
occur if the constituents behaved like a
gas of non-interacting particles.)
Thus, the equilibria are substantially more
complicated than those in a simple solenoidal
field. The equilibria may not be as advantageous.
For example, the constituent densities will be
highest at the ends of the trap, underneath the
mirror coils, not in the center, where the %H
generation takes place.
A more serious consequence of the mirror field

is increased transport. Kabantsev and Driscoll [6]
have shown that transport increases dramatically
with axial magnetic field variations. The transport
is thought to be due to ‘‘Trapped Particle
Scattering [7]’’ scattering across trapped/un-
trapped particle separatrices. Kabantsev and
Driscoll measured a five-fold increase in the
transport for a 0.1% field variation. Recently [8],
they report that the transport may not increase
much with further increases in field variations; if
so the 100% variations necessary for a satisfactory
Minimum-B trap may be tolerable.
Moving the mirror field coils out beyond the

extent of the Malmberg–Penning trap would
prevent this transport. This solution is not ideal
as the volume into which the %H is trapped would
increase.
4. Effect of the multipole field

Radial neutral-particle confinement requires a
magnetic field that increases with radius. Such
fields can be generated by quadrupole or higher-
order magnetic multipoles. The equilibria and
transport in multipole fields are quite complicated.
Though the multipole field is itself axially

invariant, as is the Malmberg–Penning trap’s
solenoidal field, the sum of the two fields is not.
For instance, the sum of a quadrupole and
solenoid field produce field lines that approach
the central axis at two opposing angles, and
diverge from the axis at 90� from these angles
(see Fig. 3).
How the constituent plasmas deform in such

fields is determined by the ratio of their rotation
frequency fR; to their bounce frequency fB: The
plasmas rotate because of ~EE � ~BB drifts in its self-
electric field (often called the ~EE � ~BB rotation) and
the drifts in the confinement fields at the plasmas’
ends (often called the magnetron rotation). If this
rotation frequency is slow compared the frequency
at which the plasma particles bounce from end to
end, then the plasmas will follow the field lines.
For a quadrupole, the plasmas will form into a
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Fig. 3. Net field lines in the presence of a quadrupole and a

solenoid.

Table 2

Number of rotations per transit (fR=2fB;) without and with the
magnetron rotation

ATHENA ATRAP

Self-rotation only

Positrons 0.2 0.027

Anti-protons 0.00014 0.00014

Total rotation

Positrons 0.2 0.028

Anti-protons 0.09 0.08

The quadrupolar resonance occurs when this ratio equals 0.25.

Note that too little information is given in the literature to

calculate the magnetron effects, and, thus, the total rotation

frequencies, accurately.
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shape similar to a twisted bow tie: circular in the
center, and elliptical at the two ends, with the
major radii of the ends rotated by 90� [9]. If
the plasmas are rotating quickly compared to the
bounce frequency, however, the rotation will
average over the multipole fields and the plasmas’
shape will revert to the cylinders found in the
absence of the multipole. The differing shapes in
the two regimes have been confirmed experimen-
tally [9].
For the parameters given in Table 1, the

rotation to bounce ratios are given in Table 2.
For a quadrupole field, the plasmas are in the
slowly rotating regime. Consequently they form
twisted bow ties, not cylinders. For the ATHENA
positrons, the bow tie shape is problematic;
assuming a quadrupole field at 1 cm comparable
to the solenoidal field, the major to minor radii for
the ATHENA eþ ellipses will be approximately 25.
Electrostatic effects would likely make this shape
unstable. Even for more minor deformations,
however, the elliptical profiles may reduce the
overlap between the positrons and anti-protons,
thereby reducing the %H production rate.
As with the mirror field, the most significant

effect of the multipole field is likely to be increased
transport. Experiments have demonstrated sharply
increased transport with very small quadrupole
fields; quadrupolar fields at the plasma edge 4000
times lower than solenoidal field have been shown
to double the outward diffusion [9]. Preliminary
data indicates that the diffusion increases linearly
with quadrupole field strength when the quadru-
pole is strong [10]. To form a significant Mini-
mum-B well, the quadrupole field would have to
be comparable to the solenoidal field. Thus, the
quadrupole might enhance diffusion by a factor of
4000.
The quadrupolar induced transport is strongest

in the neighborhood of a resonance. Experimental
data [9,11] suggests that the resonance occurs
when the ratio nL=BvT remains constant, where n

is the plasma density, L is the plasma length, B is
the solenoidal field strength, and vT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
kT=m

p
is

the thermal velocity. This scaling is consistent with
an orbital resonance; if a particle rotates by 90�

during the time it takes to make one trap transit,
then it can be on a trajectory that goes ever
outwards or inwards [9]. While such resonant
particles would be lost, there are too few precisely
resonant particles to induce significant transport.
However, there is a broad class of particles that are
near resonance, which undergo large radial excur-
sions. If these particles collide, their excursions will
cause them to diffuse. The detailed theory of this
Resonant Particle Transport is difficult to con-
struct. Nonetheless, a back-of-the-envelope
theory predicts transport of the right order of
magnitude [11]. Disturbingly, the observed
position of the resonance is off by a factor
of two from the expected position. This discre-
pancy has lead Kabantsev and Driscoll to
suggest [6] that the transport is more properly
described by their Trapped Particle Scattering
mechanism.
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In the slowly rotating regime relevant here, the
observed diffusion is inversely proportional to f 2R:
If the ATHENA and ATRAP plasmas were off
resonance by a factor of more than 50, the
diffusion would be down to tolerable levels.
Unfortunately, they are much closer than this to
resonance (see Table 2) and the diffusion is likely
to be very large.
5. Collisions

Both Trapped Particle Scattering Transport and
Resonant Particle Transport occur only when the
plasma particle orbits are disturbed by collisions
[12–16]. Because plasma collision frequencies
commonly increase with decreased temperature,
and the plasmas considered here are very cold, the
collision frequencies are typically large. There are
three different, transport-inducing, collision cate-
gories: eþ–eþ collisions, %p– %p collisions, and eþ– %p
collisions in the overlap region. Within each
category, parallel–parallel, perpendicular–perpen-
dicular, and parallel–perpendicular collisions may
be described by different physics. Each type of
collision will have a different collision frequency,
and each will affect the transport in a different
way. (Here parallel refers to motion along the
magnetic field, and perpendicular to motion
perpendicular to the field.)
The eþ–eþ collisions are complicated by the fact

that the eþ are in the strong magnetization regime;
their cyclotron radius, rc ¼ ðc=eBÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
kT=m

p
; is

much less than their distance of closest approach,
b ¼ e2=kT : In this regime, exchanges of perpendi-
cular and parallel energy are strongly suppressed
by O’Neil’s multiparticle collisional adiabatic
invariant [13–15]. However, the frequency with
which two eþ exchange parallel velocities is not
suppressed by the invariant. This frequency,
n1EnvTb2 lnðlD=bÞ; is very high: near 50 MHz
for both ATHENA and ATRAP. The exchange of
perpendicular energy between two eþ is somewhat
suppressed by the adiabatic invariant. The fre-
quency for this type of exchange, n2EnvTb2ðrc=bÞ2;
is near 20 kHz for ATHENA and 300 Hz for
ATRAP. (The notation used here follows that in
Ref. [13].)
In both experiments, the %p– %p collisions are in the
transition region between the weakly and strongly
magnetized regimes. Analytic expression have not
been found in this regime [15], but extrapolations
suggest that the collision frequencies are near
100 Hz:
Lastly, collisions with the eþ will affect the %p in

the overlap region. If the two species were
stationary with respect to each other, the collisions
would be in the aforementioned transition region.
However, the eþ are drifting through the %p [1,2],
which lessens the strong magnetization effects. The
weak magnetization collision frequencies for drift-
ing Maxwellians have been derived [17]. Unfortu-
nately, the relative drift velocities for ATHENA
and ATRAP are not available in the literature
[1,2], so the collision frequencies cannot be
evaluated precisely. Nonetheless the approxi-
mate frequencies can be found from
n %peþEðnvcb

2
cm=MÞ lnðlD=bcÞ; where m=M is the

eþ to %p mass ratio, and vc and bc are evaluated at
some composite temperature incorporating both
the relative drift and the two species’ intrinsic
temperature. For plausible parameters, the colli-
sion frequencies will be in the neighborhood of
10 kHz: (Collisions with the %p will also affect the
eþ; but are unimportant because the %p density is
much lower than the eþ density.)
The collision frequencies given here are for

B90� collisions. With the exception of the parallel
eþ–eþ collisions, the collisions result from sum of
many small-angle collisions. As transport needs
only small-angle collisions, the effective collision
frequencies are substantially higher than the values
given here. (The eþ–eþ collisions necessarily swap
parallel velocities. Partial exchanges are forbidden
[13]. However, parallel eþ–eþ collisions are already
very frequent.)
The theories of Trapped Particle Scattering

Transport and Resonant Particle Transport are
not sufficiently developed to predict the depen-
dence on the collision frequency, nor to determine
the detailed consequences of the peculiarities of the
strongly-magnetized collisions. It is unlikely that
these peculiarities will have much effect on the
velocity–space separatrix crossings integral to
the Trapped Particle Scattering Transport. These
peculiarities may have more effect on the
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Resonant Particle Transport.2 However, the trans-
port may well wind up in the ‘‘plateau’’ regime [18]
where the dependence on the collision frequency
drops out.
In summary, particle collisions in ATHENA

and ATRAP are frequent. A recent paper [19]
contends that, because particles in Minimum-B
fields orbit on unique, stable trajectories, transport
will be insignificant. But the collisions described
here disturb the orbits; proof of the stability of
individual particle orbits is largely irrelevant to the
issues of transport and loss.
Fig. 4. Boundary magnetic field values for the configuration

shown at top left. All magnetic field values are normalized to

the field at the center. The multipole is fifth order with wires at

radius 2:5 cm: The mirror coils are of radius 5 cm: The ratio of

the current in the multipole to the current in the mirror coils is

1.45. In addition, there is an infinite solenoid, oriented along the

configuration axis, which contributes 80% of the field in the

center of the trap. The plot at the right shows the field at the

end, and the bottom plot shows the ‘‘unwrapped’’ field along on

the sides at 90% of the radius of the multipole wires, i.e. a

cylinder of radius 2:25 cm: The minimum field occurs about

14% of the way in from the end on the side, and is of magnitude

3.16. The fields were calculated by numerical integration of

Biot–Savart’s law in MATLAB.
6. High-order multipole advantages

As shown in Sections 3–5, quadrupole fields
pose profound problems for eþ and %p confinement.
These problems may be alleviated by using higher-
order multipole fields. The field from an infinitely-
long multipole of order s scales with radius r as

jBj ¼ Bmax
r

Rw

� �s�1

ð1Þ

where Bmax is the field at the wire radius Rw: For
large order multipoles, the field is very small at the
center. If a trap can be configured so that the eþ

and %p column radii are small compared to the wall
radius, the constituents would be largely unaf-
fected by the weak multipole field at the center.
The resulting %H would still be trapped by the
strong multipole field at the wall. For example, if
the constituent radii were one-third of the wall
radius, the multipole field magnitude were equal to
the solenoidal field magnitude at the wall, and the
multipole order was ten, the maximum field
experienced by the constituents would be 20 000
times less than the solenoidal field. Such multipole
fields would be on the same order as the fields used
in the quadrupole experiments [9], a level that is
probably tolerable. Finite length effects and the
2Resonant particle transport theory requires collisions which

change the parallel velocity. It is not clear whether the type of

parallel velocity exchange permitted by O’Neil’s adiabatic

invariant is sufficient. However, when combined with the

parallel to perpendicular energy exchanges that result from

inhomogeneities in the magnetic field magnitude, these collision

should be sufficient to cause transport.
addition of the mirror field complicate this picture
somewhat, and the fields are best calculated
numerically. The fields from a typical trial config-
uration are shown in Fig. 4.
One might worry that the greater degree of

cancellation found in higher-order multipoles
would require larger currents for the same
field increase. An elementary calculation shows
that this is not true. Assuming a sinusoidal
current distribution, the required current density
Jl; in (A/m), is

Jl ¼
2Bmax

m0
sin sy; ð2Þ

where Bmax is in Tesla. On gathering the current
into 2s wires, the current in each wire drops
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proportional to 1=s; a favorable outcome. As an
added benefit, the magnetic forces on each wire
also decrease proportionally. Nonetheless, the
currents, and hence the forces, are quite large; a
tenth-order multipole that produces 1 T at wires
arrayed at Rw ¼ 1 cm requires currents on the
order of 4000 A: It may be easier to create the
required fields with permanent magnets; fortui-
tously, high-order multipole fields are easier to
create with permanent magnets than are quadru-
pole fields.
Increasing the order of the multipole moves the

multipole resonance to proportionally higher
velocities. This can be favorable or unfavorable
depending on the plasma parameters; it is likely to
be favorable for ATHENA eþ; but unfavorable
for ATRAP eþ:
A disadvantage of higher-order multipoles is

that the %H trapping volume is relatively large; the
multipole fields are not significant until the %H
move far off the axis. This problem could be
solved by turning on an auxiliary quadrupole to
more tightly confine the %H once a sufficient
number have been created and trapped in the
high-order multipole.
7. Caveats

The loss of confinement predicted here is based
on significant extrapolations from the current
experimental data. The transport could saturate.
The experiments and theory to date have studied
mirror and quadrupole configurations separately.
It is conceivable, but unlikely, that each will
ameliorate the effects of the other. The model for
the multipole transport is based on orbital
resonances. The effects of the magnetron fields
are difficult to calculate. Further, particularly for
the %p; the rotation frequency is difficult to
determine in the %p–eþ overlap region. There may
be very odd effects there. Finally, Kabantsev and
Driscoll suggest that the proper mechanism for
quadrupole induced transport is their Trapped
Particle Scattering, not the Resonant Particle
Diffusion mechanism presented here. However,
the extrapolations are based on observational
scalings, not theoretical predictions.
8. Conclusions

The tentative plans to trap %H in ATHENA and
ATRAP need to be refined. The proposed mirror
and quadrupole field are very likely to destroy the
confinement of the %H constituents, eþ and %p:
Pushing the mirror field out beyond the constitu-
ent confinement region, and using a high-order
multipole, may alleviate the %H constituent con-
finement problems. More exotic schemes are also
available [20].
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